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Abstract
Let N be the number of solutions of the equation
x
m1
1 + · · · + xmnn = ax1 · · ·xn
over the finite field Fq = Fps . L. Carlitz found formulas for N when n = 3 or 4, m1 = · · · = mn = 2. In
an earlier paper, we obtained formulas for N when d = gcd(∑nj=1 m/mj − m,(q − 1)/m) = 1, where
m = lcm[m1, . . . ,mn], under a certain restriction on the exponents. In this paper, we find formula for N
when md > 2 and there exists an  such that md | (p + 1).
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let Fq be a finite field of characteristic p with q = ps elements. Denote Fq \ {0} by F∗q . We
consider an equation of the type
x
m1
1 + · · · + xmnn = ax1 · · ·xn, (1)
where a ∈ F∗q , m1, . . . ,mn are positive integers, n 2, and mj divides q − 1 for each integer j
with 1  j  n. By N denote the number of solutions (x1, . . . , xn) ∈ Fnq of (1). L. Carlitz [6]
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his results it follows that
N =
{
q2 + (−1)(q−1)/2 · 3q + 1 if m1 = · · · = mn = 2, n = 3, q ≡ 1 (mod 2),
q3 + 5q − 1 if m1 = · · · = mn = 2, n = 4, q ≡ 3 (mod 4).
Write m = lcm[m1, . . . ,mn], d = gcd(∑nj=1 m/mj − m,(q − 1)/m). Note that d =
gcd(
∑n
j=1 m/mj − m,(q − 1)/m1, . . . , (q − 1)/mn). Recently [2], we found a formula for
N when d = 1, m1, . . . ,mk are odd, mk+1, . . . ,mn are even, m1, . . . ,mk,mk+1/2, . . . ,mn/2 are
pairwise coprime, 0  k  n. Some other generalizations of Carlitz’s results were obtained in
[1,3,4].
In this paper, we determine N for any positive integers m1, . . . ,mn if md > 2 and there exists
a positive integer  such that md divides p+1. For positive integers d1, . . . , dk , let I (d1, . . . , dk)
denote the number of k-tuples (j1, . . . , jk) of integers with 1 jr  dr − 1 (1 r  k) such that
(j1/d1) + · · · + (jk/dk) is an integer. Our main result is the following theorem.
Theorem 1. Suppose that md > 2 and there is a positive integer  such that md | (p + 1), with
 chosen minimal. Then 2 | s and
N = qn−1 + (−1)n−1 + (−1)((s/2)−1)nq(n−2)/2(q − 1)I (m1, . . . ,mn)
+ (−1)n−1
n∑
r=2
(−1)rs/2qr/2
∑
1j1<···<jrn
I (mj1 , . . . ,mjr )
+ (−1)((s/2)−1)(n−1) m1 · · ·mn
m
q(n−1)/2T ,
where
T =
{
d − 1 if a is a dth power in Fq,
−1 otherwise. (2)
This paper is organized as follows. In Section 2, we give an expression for N in terms of the
number of solutions of the corresponding diagonal equation
x
m1
1 + · · · + xmnn = 0 (3)
and some special character sums T (ψ). In Section 3, we prove certain properties of these char-
acter sums. In particular, we obtain an expression for T (ψ) in terms of Gauss sums. In Section 4,
we get an explicit formula for the number of solutions of a diagonal equation, under a certain
restriction on the exponents. The results of Sections 2–4 are used in Section 5 to prove our main
result. In Section 6, we give two immediate consequences of the main theorem. Finally, the re-
sults of numerical experiments are presented in Section 7.
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Let ψ be a multiplicative character on Fq . We extend ψ to all of Fq by setting ψ(0) = 1 if ψ
is trivial and ψ(0) = 0 if ψ is nontrivial. We define the sum T (ψ) corresponding to ψ as
T (ψ) = 1
q − 1
∑
x1,...,xn∈Fq
ψ(x1 · · ·xn)ψ¯
(
x
m1
1 + · · · + xmnn
)
.
Let N(0) and N∗(0) be the number of solutions of (3) in Fnq and (F∗q)n, respectively. In the
following lemma we express N in terms of N(0), N∗(0), and T (ψ).
Lemma 2. Let ψ be a character of order d on Fq . Then
N = (q − 1)n−1 + N(0) − q
q − 1N
∗(0) +
d−1∑
j=1
ψj(a)T
(
ψj
)
.
Proof. See [2, Theorem 1]. 
3. Some properties of special character sums
Let ψ,ψ1, . . . ,ψr be nontrivial multiplicative characters on Fq . The Gauss sum correspond-
ing to ψ is defined as
G(ψ) =
∑
y∈F∗q
ψ(y) exp
(
2πi Tr(y)/p
)
,
where Tr(y) = y+yp+yp2 +· · ·+yps−1 is the trace of y from Fq to Fp . The sum J0(ψ1, . . . ,ψr)
is defined as
J0(ψ1, . . . ,ψr) =
∑
y1+···+yr=0
ψ1(y1) · · ·ψr(yr),
where the summation is taken over all r-tuples (y1, . . . , yr ) of elements of Fq with y1 + · · · +
yr = 0.
The next lemma gives a relationship between J0(ψ1, . . . ,ψr) and Gauss sums.
Lemma 3. Let ψ1, . . . ,ψr be nontrivial multiplicative characters on Fq . Then
1
q − 1J0(ψ1, . . . ,ψr) =
{
G(ψ1) · · ·G(ψr)/q if ψ1 · · ·ψr is trivial,
0 if ψ1 · · ·ψr is nontrivial.
Proof. See [5, Theorems 10.1.2 and 10.3.1]. 
We will also need the following formula for the number N(xk = b) of solutions x ∈ Fq of the
equation xk = b, where k is a positive integer and b ∈ Fq .
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d0 = gcd(k, q − 1) on Fq . Then
N
(
xk = b)= d0−1∑
j=0
ψj (b) =
{1 if b = 0,
d0 if b is a d0th power in F∗q,
0 otherwise.
Proof. See [5, Lemma 10.4.1]. 
Our next lemma shows that the sum T (ψ) can be expressed in terms of Gauss sums.
Lemma 5. Let ψ be a multiplicative character of order δ on Fq , where δ > 1 and δ | d . Let λ be
a multiplicative character of order q − 1 on Fq such that ψ = λ(q−1)/δ . Then
T (ψ) = ψ(−1)
q
G(ψ¯)
∑
0k1m1−1···
0knmn−1∑n
j=1((kj δ+1)/mj δ)−(1/δ)∈Z
n∏
r=1
G
(
λ(kr δ+1)(q−1)/mrδ
)
.
Proof. Since λ has order q − 1, it follows that λ(q−1)/mr has order mr for each r with 1 r  n.
By Lemma 4, we have
T (ψ) = 1
q − 1
∑
x1,...,xn∈Fq
ψ¯
(
x
m1
1 + · · · + xmnn
) n∏
r=1
λ(q−1)/mrδ
(
xmrr
)
= 1
q − 1
∑
y1,...,yn∈Fq
ψ¯(y1 + · · · + yn)
n∏
r=1
λ(q−1)/mrδ(yr )N
(
xmrr = yr
)
= ψ(−1)
q − 1
∑
y1,...,yn∈Fq
ψ¯(−y1 − · · · − yn)
n∏
r=1
[
λ(q−1)/mrδ(yr )
mr−1∑
kr=0
λkr (q−1)/mr (yr )
]
= ψ(−1)
q − 1
∑
y1,...,yn∈Fq
∑
0k1m1−1···
0knmn−1
ψ¯(−y1 − · · · − yn)
n∏
r=1
λ(kr δ+1)(q−1)/mrδ(yr ),
so that
T (ψ) = ψ(−1)
q − 1
∑
0k1m1−1···
0knmn−1
J0
(
λ(k1δ+1)(q−1)/m1δ, . . . , λ(knδ+1)(q−1)/mnδ, ψ¯
)
.
Observe that mrδ  (krδ + 1) for each integer r with 1  r  n, so that λ(kr δ+1)(q−1)/mrδ is
nontrivial. Since ψ = λ(q−1)/δ , the application of Lemma 3 gives the asserted result. 
The following lemma determines explicitly the values of certain Gauss sums.
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positive integer  such that δ | (p + 1) and 2 | s. Then
G(ψ) =
{
(−1)(s/2)−1√q if p = 2,
(−1)(s/2)−1+(s/2)·((p+1)/δ)√q if p > 2.
Proof. For δ > 2 it is analogous to that of [5, Theorem 11.6.3]. Suppose that δ = 2. Then p > 2
and, since s is even, it follows from [5, Theorem 11.5.4] that
G(ψ) =
{
(−1)(s/2)−1√q if p ≡ 3 (mod 4),
−√q if p ≡ 1 (mod 4).
Hence
G(ψ) =
{
(−1)(s/2)−1√q if p ≡ 3 (mod 4) and  is odd,
−√q otherwise.
Note that
(−1)(s/2)−1+(s/2)·((p+1)/2) =
{
(−1)(s/2)−1 if p ≡ 3 (mod 4) and  is odd,
−1 otherwise.
This concludes the proof. 
Now we use Lemma 6 to evaluate the sum T (ψ) in a special case.
Lemma 7. Let ψ be a multiplicative character of order δ on Fq , where δ > 1 and δ | d . Suppose
that there is a positive integer  such that mδ | (p + 1) and 2 | s. Then
T (ψ) = (−1)((s/2)−1)(n−1) m1 · · ·mn
m
q(n−1)/2.
Proof. First we show that ψ(−1) = 1 in our case. If p = 2 then ψ(−1) = ψ(1) = 1. If p > 2
then 2δ | (p2 − 1). Since 2 | s, we have (p2 − 1) | (q − 1), and so ψ(−1) = (−1)(q−1)/δ = 1.
Let g be a generator of the cyclic group F∗q such that ψ(g) = exp(2πi/δ). Let λ be a character
of order q − 1 on Fq defined by λ(g) = exp(2πi/(q − 1)). Then ψ = λ(q−1)/δ . Suppose that
k1, . . . , kn are integers, 0  kr mr − 1 (1  r  n), and ∑nj=1((kj δ + 1)/mj δ) − (1/δ) ∈ Z.
For each r (1 r  n) λ(kr δ+1)(q−1)/mrδ is nontrivial and has order
q − 1
gcd
(
q − 1, (kr δ+1)(q−1)
mrδ
) = q − 1q−1
mrδ
· gcd(mrδ, krδ + 1)
= mrδ
gcd(mr, krδ + 1)
dividing p + 1. We claim that
G(ψ¯)
n∏
G
(
λ(kr δ+1)(q−1)/mrδ
)= (−1)((s/2)−1)(n−1)q(n+1)/2. (4)
r=1
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G(ψ¯) = G(λ(k1δ+1)(q−1)/m1δ)= · · · = G(λ(knδ+1)(q−1)/mnδ)= (−1)(s/2)−1√q,
and (4) holds. Next, suppose that p > 2 and (p + 1)/mδ is odd. Then mδ is even. By Lemma 6,
it is sufficient to show that
n∑
j=1
m
mj/gcd(mj , kj δ + 1) + m ≡ 0 (mod 2). (5)
Since
∑n
j=1((kj δ + 1)/mj δ) − (1/δ) is an integer and mδ is even, we have
n∑
j=1
m(kj δ + 1)/gcd(mj , kj δ + 1)
mj/gcd(mj , kj δ + 1) + m ≡ 0 (mod 2).
If (kj δ + 1)/gcd(mj , kj δ + 1) is odd for each j (1 j  n) then (5) holds. If there exists j such
that (kj δ + 1)/gcd(mj , kj δ + 1) is even then δ is odd, m is even, and mj/gcd(mj , kj δ + 1) is
odd. This implies that (5) again holds.
Now, by Lemma 5,
T (ψ) = (−1)((s/2)−1)(n−1)q(n−1)/2
∑
0k1m1−1···
0knmn−1∑n
j=1((kj δ+1)/mj δ)−(1/δ)∈Z
1. (6)
Since δ | d , it follows that m(∑nj=1(1/mjδ) − (1/δ)) is an integer. Therefore, by [12, Proposi-
tion 2.2], the sum in (6) is equal to m1 · · ·mn/m. This completes the proof. 
4. An explicit formula for the number of solutions of a diagonal equation
Let u1, . . . , ur be positive integers, r  2, and uj divide q − 1 for each integer j (1 j  r).
Let N(xu11 + · · · + xurr = 0) denote the number of solutions (x1, . . . , xr ) ∈ Frq of the equation
x
u1
1 + · · · + xurr = 0.
Lemma 8. Suppose that there is a positive integer  such that 2 | s and lcm[u1, . . . , ur ] |
(p + 1). Then
N
(
x
u1
1 + · · · + xurr = 0
)= qr−1 + (−1)((s/2)−1)rq(r−2)/2(q − 1)I (u1, . . . , ur ).
Proof. Let λ be a character of order q − 1 on Fq . Then for each j (1  j  r) λ(q−1)/uj has
order uj . From [5, Theorems 10.3.1, 10.4.2, and remark in the beginning of Section 10.8] it
follows that
N
(
x
u1
1 + · · · + xurr = 0
)= qr−1 + q − 1
q
∑
1k1u1−1···
1krur−1
G
(
λk1(q−1)/u1
) · · ·G(λkr (q−1)/ur ).
(k1/u1)+···+(kr /ur )∈Z
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5. Proof of the main result
Since md > 2, [5, Theorem 11.6.2] implies that 2 is the order of p (mod md). Since ps ≡
1 (mod md), it follows that 2 | s. By Lemma 8 and inclusion–exclusion principle,
N∗(0) =
n−1∑
r=0
(−1)r
(
n
r
)
qn−1−r + (−1)n
+ (q − 1)
n−2∑
r=0
(−1)r (−1)((s/2)−1)(n−r)q(n−r−2)/2
∑
1j1<···<jn−rn
I (mj1, . . . ,mjn−r )
= (q − 1)
n + (−1)n(q − 1)
q
+ (−1)n(q − 1)
n∑
r=2
(−1)rs/2q(r−2)/2
∑
1j1<···<jrn
I (mj1 , . . . ,mjr ).
Applying Lemmas 2, 4, 7, and 8, we obtain the result.
6. Corollaries
It is known (see [9]) that I (u1, . . . , uk) = 0 iff either gcd(uj , u1 · · ·uk/uj ) = 1 for some j
or r is odd, v1/2, . . . , vr/2 are pairwise coprime, and each vj is coprime with any odd number
in {u1, . . . , uk}, where {v1, . . . , vr} is the set of even integers among u1, . . . , uk . In [10] the
same authors have shown that I (u1, . . . , uk) = 1 if and only if 2 | k, u1/2, . . . , uk/2 are pairwise
coprime, and at least (k − 1) of the uj/2 are odd. It is also known (see [8, Proposition 6.17]) that
I (u, . . . , u)︸ ︷︷ ︸
k
= [(u − 1)k + (−1)k(u − 1)]/u. Therefore we have the next two corollaries.
Corollary 9. Suppose that 2  m1, . . . ,2  mk,2 | mk+1, . . . ,2 | mn,m1, . . . ,mk,mk+1/2, . . . ,
mn/2 are pairwise coprime, 0 k  n. Under the same conditions as in Theorem 1, we have
N = qn−1 + (−1)n−1 + T1 + (−1)n−1
n−k∑
r=2
2|r
(
n − r
k
)
qr/2
+ (−1)((s/2)−1)(n−1)q(n−1)/2T T2,
where T is determined by (2),
T1 =
{
q(n−2)/2(q − 1) if k = 0 and n is even,
0 otherwise,
T2 =
{
1 if k = n,
2n−k−1 if k < n.
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n (m1, . . . ,mn) m p s d  Number of solutions
a is a dth
power in Fq
a is not a dth
power in Fq
5 (1,1,3,3,3) 3 2 6 3 3 16 850 305 16 739 713
3 (1,5,5) 5 2 8 1 2 66 561 –
2 (1,9) 9 2 12 1 3 4095 –
9 (1,1,1,2,2,2,2,2,2) 2 3 2 2 1 43 258 753 42 838 849
4 (2,2,2,2) 2 3 4 2 1 525 041 536 705
4 (1,1,1,2) 2 3 4 5 2 534 356 530 711
3 (7,7,7) 7 3 6 4 3 650 917 508 033
2 (2,5) 10 3 8 1 2 6560 –
5 (1,1,3,3,3) 3 5 2 2 1 396 151 384 901
3 (1,1,2) 2 5 4 3 1 391 876 390 001
4 (2,2,4,4) 4 7 2 2 1 123 969 112 993
Corollary 10. Suppose that m1 = · · · = mn = m. Under the same conditions as in Theorem 1,
we have
N = qn−1 + (−1)((s/2)−1)nq(n−2)/2(q − 1) · (m − 1)
n + (−1)n(m − 1)
m
+ (−1)n−1
n∑
r=0
(−1)rs/2qr/2 · (m − 1)
r + (−1)r (m − 1)
m
+ (−1)((s/2)−1)(n−1)mn−1q(n−1)/2T ,
where T is determined by (2), d = gcd(n − m,(q − 1)/m).
In the general case
I (u1, . . . , uk) = (−1)k +
k∑
r=1
(−1)k−r
∑
1j1<···<jrk
uj1 · · ·ujr
lcm[uj1 , . . . , ujr ]
= (−1)
k
u1 · · ·uk
u1···uk−1∑
r=0
∏
uj |r
(1 − uj )
(see [7, Eq. (6.12)], [11, Theorem 1], [12, Corollary 2.2], and [8, Theorem 6.18], respectively).
7. Numerical results
The theoretical results of this paper are supported by numerical experiments. Some numerical
results are listed in Table 1.
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